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Abstract

Mixed Ha/H control balances performance and robustness by minimizing an H2 cost bound with an H constraint. However,
classical Riccati/LMI solutions offer limited insight into the nonconvex optimization landscape and do not readily scale to large-
scale or data-driven settings. In this paper, we revisit the mixed Ha/H o control from a modern policy optimization viewpoint,
including the general two-channel and single-channel cases. One central result is that both two-channel and single-channel
cases enjoy a benign nonconvex structure: every stationary point is globally optimal. We characterize the Hoo-constrained
feasible set, which is open, path-connected, with boundary given exactly by policies saturating the H, constraint. We also
show that the mixed objective is real analytic in the interior with explicit gradient formulas. Our key analysis builds on an
Extended Convex Lifting (ECL) framework, which bridges nonconvex policy optimization and convex reformulations. The ECL
constructions rely on non-strict Riccati inequalities that allow us to characterize global optimality. These insights reveal hidden
convexity in mixed Ha/Hoo control and facilitate the design of scalable, policy iteration methods in large-scale settings.
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1 Introduction

Performance and robustness are two central objectives in
control design: Hy control optimizes average performance
[1], whereas H, control guarantees safety against worst-
case scenarios [2]. Mixed Ha/Hoo control provides a prin-
cipled framework to balance the two, leading to a variety
of formulations studied across decades [3-7]. A particularly
influential formulation designs a stabilizing controller that
minimizes an Hs cost bound subject to an H, constraint
[4,5]. Classical solutions based on coupled Riccati equations
[4] or linear matrix inequalities (LMIs) [5] are well estab-
lished, but they provide little understanding of the under-
lying optimization landscape. Moreover, these methods are
inherently model-based and scale poorly with system di-
mension, limiting their applicability in large-scale or data-
driven settings.

In contrast, policy optimization has emerged as a promis-
ing alternative for controller design [8,9], inspired by the
success of reinforcement learning in sequential decision-
making and continuous control tasks [10]. Despite the non-
convexity of policy spaces, recent studies have revealed be-
nign landscapes in various control problems such as stabi-
lization [11,12], linear quadratic regulation (LQR) [13-15],
linear quadratic Gaussian (LQG) [16-18], and dynamic fil-
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tering [19]. For these control problems, stationary points
can be globally optimal, and gradient-based methods can
achieve global convergence under mild assumptions.

A key insight behind these benign landscape results is
that many nonconvex control problems can be reformu-
lated as convex ones via appropriate changes of variables.
In particular, LMI-based synthesis methods, despite involv-
ing auxiliary Lyapunov variables, provide a lens for analyz-
ing the geometry of policy optimization [14,16,19-22]. This
perspective has been formalized in the Extended Convex
Lifting (ECL) framework [23], which systematically bridges
classical convex reformulations and modern nonconvex pol-
icy optimization. The ECL framework is broadly applicable,
encompassing state-feedback and output-feedback Ho and
H o control as well as distributed control.

In this work, we revisit the classical mixed Hs/H o, con-
trol design from a modern policy optimization perspective.
Building on the classical formulations of [4, 5], we analyze
both the general two-channel case and its single-channel
specialization, and provide a systematic study of the asso-
ciated nonconvex optimization landscapes. Our results re-
veal hidden convexity and establish the absence of spurious
stationary points. Beyond new theoretical insights into non-
convex optimization in modern control, these results will
facilitate the mixed Ho/Hoo design in large-scale and/or
model-free data-driven settings.

1.1  Our contributions

This paper presents a systematic study of mixed Ha/H o
state-feedback control through the lens of modern noncon-
vex optimization. Technically, our main contributions are:
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(1) Basic landscape properties. We analyze the geom-
etry of the nonconvex feasible set. It is known that this
set is open and path-connected (Lemma 2). We fur-
ther precisely characterize its boundary as the set of
policies that exactly saturate the H, constraint (The-
orem 1 and Corollary 1). We also examine the land-
scape of the mixed cost function. This cost function is
real analytic in the interior, and continuous on the clo-
sure of its domain (Theorem 2 and Lemma 3). Thus,
the mixed cost function is smooth, and we provide its
explicit gradient formulas (Lemmas 4 and 5). These
results underpin our analysis of stationarity, global op-
timality, and solvability of mixed Hs/H~ control.

(2) Global optimality of stationary points. We inves-
tigate the global optimality of the two-channel mixed
control. This includes the single-channel setting in [24]
as a special case. Despite its nonconvexity, we establish
that no spurious stationary points exist (Theorem 3).
This property, along with the gradient expressions, re-
covers the classical optimality conditions (Corollaries 2
and 3). We further analyze existence and uniqueness,
showing that the single-channel case always admits a
unique stationary point (Theorem 5), whereas the two-
channel case may not (Fact 1). Nevertheless, we prove
that a stationary point exists when the robustness con-
straint is sufficiently relaxed (Theorem 4).

(3) Analysis techniques via ECL. We explicitly con-
struct an extended convex lifting (ECL) for the two-
channel mixed control (Theorem 6). While relying on
classical LMI techniques, our convex lifting construc-
tion is non-trivial since we need to employ non-strict
Riccati inequalities and LMIs, in contrast to classi-
cal suboptimal controller synthesis based on strict
inequalities [5]. This key distinction enables the ECL
framework to certify the global optimality of station-
ary points over the entire feasible set. Moreover, the
resulting convex reformulation (Theorem 7) not only
preserves the optimal value of the original noncon-
vex problem, but also guarantees solvability when
incorporating boundary policies (Proposition 1).

1.2  Related work

Mixed Hs/H o control. The study of mixed Hs/H oo con-
trol dates back to the seminal works of [4,5], which formu-
lated the problem of minimizing an Hs cost bound subject
to an H., constraint. Solvability of this formulation was
first established in [4] via coupled Riccati equations, and
later [5] proposed a more tractable approach for suboptimal
controller synthesis. A special case was later shown in [25]
to coincide with the maximum entropy Hoo control [26]. A
Nash game formulation was also developed in [27], framing
the mixed design as a two-player game with the optimal
controller characterized by coupled Riccati equations. Be-
yond analytical methods, a non-smooth optimization ap-
proach was proposed in [7], ensuring convergence to a sta-
tionary point controller via a proximity control algorithm.
Furthermore, LMI-based methods have also been developed
in [28], providing numerical solutions through semidefinite
programming. More recently, [24] studied policy gradient
methods for the single-channel case, showing that the it-
erates implicitly preserve the H., constraint throughout

optimization and converge to globally optimal policies. Al-
though their analysis proves global optimality of stationary
points, it applies only to a special single-channel case of the
broader formulation in [5], and relies on a game-theoretic
argument that may be less accessible to those unfamiliar
with dynamic game theory [29].

Policy optimization in control. Recent years have seen
growing interest in direct policy search for controlling dy-
namical systems [8,10]. For classical LQR, the cost is coer-
cive and gradient dominant, yielding global convergence of
policy gradient methods [13-15]. Similar benign landscapes
have been established for Markovian jump LQR [30], dis-
tributed LQR [31,32], LQ games [33,34], and mixed Hz/Hoo
design [24]. For nonsmooth H., optimization, global con-
vergence is established for state feedback [21], and con-
vergence to Goldstein stationary points is shown for static
output feedback [35]. Partial observation and dynamic out-
put feedback introduce more intricate landscapes: in LQG,
controllable and observable stationary points are globally
optimal though saddle points may exist [36,37], motivat-
ing saddle-escaping [17] and Riemannian gradient meth-
ods [38]. For dynamic output feedback H ., stabilizing con-
trollers are nonconvex and may form a disconnected set [22],
but all nondegenerate Clarke stationary points are globally
optimal [37]. We refer to [8,9] for two recent surveys.

Convex lifting for nonconvex control. A growing line
of work has leveraged convex reformulations to analyze
nonconvex control landscapes [14-16, 19-21]. Many clas-
sical control problems admit LMI-based reformulations
[28], which explain the benign geometry observed in pol-
icy optimization. For example, convex reparameterizations
yield global convergence in continuous-time LQR, [14, 15],
and certify global optimality of Clarke stationary points in
discrete-time Ho, control [21]. Extensions to output feed-
back settings include convex lifting strategy for dynamic
estimation [19] and global optimality results for H., con-
trol [36]. Most recently, the ECL framework [23] unifies these
perspectives, accommodating static and dynamic policies,
smooth and nonsmooth costs, and distinguishing degener-
ate from nondegenerate policies based on non-strict LMIs.

1.8 Paper outline

The rest of this paper is organized as follows. Section 2
formulates the mixed Ho/Hoo policy optimization. Sec-
tion 3 examines the geometry of the feasible set and the
structural properties of the cost function. Section 4 estab-
lishes our main global optimality result, along with charac-
terizations of optimality conditions and the existence and
uniqueness of stationary points. Section 5 presents the ECL
framework underlying our analysis and develops a tailored
ECL for mixed control. Section 6 reports numerical results,
and Section 7 concludes the paper. Technical proofs are
provided in the appendices.

Notations. We denote the set of k£ x k real symmetric
matrices by S¥. For My, M, € S*, we write M, < (<)M,
and My > (=) M, if My — M, is positive (semi)definite. The
Frobenius norm for matrices is denoted by || - ||. We use I,
and 0,,x, for the n x n identity and m X n zero matrices,
respectively, omitting their subscripts when clear. For a
subset S of a topological space, int(S) denote its interior
and cl(S) its closure.



2 Preliminaries

This section introduces the mixed Ha/H o, control prob-
lem and presents our problem statement.

2.1 System dynamics and robustness

Consider the continuous-time linear dynamical system
z(t) = Ax(t) + Bu(t) + Byw(t), (1)

where () € R™ is the state, u(t) € R™ is the control
input, w(t) € R™ is the disturbance. We focus on static
state feedback policies of the form wu(t) = Kx(t), where
K € R™*™ The set of stabilizing policies is defined as

K={K eR™" | A+BK is Hurwitz} . (2)

We henceforth denote Ay := A+BK and W := B, B].

In standard LQR, the disturbance w(t) is modeled as
zero-mean white Gaussian noise with identity covariance,
ie, Ew(t)w(r)] = 6(t — 7)I,. The objective is to find a
stabilizing policy K € K that minimizes the averaged cost
limg_ o0 E [% T 2(6)T Qoa(t) +u(t)T Rou(t) dt} ,
Q2 = 0 and Ry > 0 are performance weight matrices. It
is known that LQR can be equivalently cast as Hs opti-
mal control [39]: ming k|| T2(K)||F,,, where 2z, defines the
Ho performance output and To(K) denotes the transfer
function from w to z as follows

where

Q1/2x 1/2

2 2 —1

Z91= , To(K)= sl — A By. (3
’ lRl/Qu] %) lRé”K]( ) ®)

On the other hand, H,, robust control treats the dis-
turbance w(t) as an adversarial input with bounded en-
ergy. The aim is to design a stabilizing policy K € K
that minimizes the worst-case cost sup [,~ z(t) " Quox(t) +

u(t)T Roou(t)dt subject to [|w||?, = [ wT (t)w(t)dt <1 and
2(0) =0, where Qo >0 and R, > 0. This problem is equiv-
alent to Hoo optimal control [39]: infxex||Too(K)|H..,
where 24, defines the H, performance output and T (K)

denotes the transfer function from w to z., as follows

1/2 1/2
QOO €T oo -1
Zoo = 1/2u s TOO(K): R1/2K (SI—AK) Bw- (4)

One may also consider a mixed Ha/Hoo design
: 2
it T () .

[Too (K300 < B,

where 3 is a prescribed bound. Here, the Hs channel cap-
tures nominal performance, while the H ., channel enforces
system robustness. It is worth noting that these two chan-
nels may be distinct [4,5] or identical [24,25]. We define the
feasible set of H,-constrained stabilizing policies as

Kp={K € K| [|Teo(K)|[#.. <8} (6)

(5)

subject to

Note that a strict Ho, bound is commonly used to ensure
a well-defined stabilizing Riccati solution [5,24, 25].

2.2 Policy optimization for mized Ha/Hoo design
Despite simple formulation, problem (5) is challenging to
solve [40,41]. A classical approach from [4] is to minimize
an upper bound on the Hy cost over the feasible set g.
Recall that the Hs cost for any stabilizing policy K € K
is || T2(K)|3, = tr((Q2 + KTRoK)Xg), where X is the
unique solution to the Lyapunov equation

AxXp + XAk + W = 0. (7)

To enforce the H, constraint in (6), we instead consider
the stabilizing solution X to the Riccati equation [3-5]

A X + XAl + B2 XSk X +W =0, (8)

where Sk 1= Qoo+ KT Rso K. By the bounded real lemma
(see Lemma 1), a policy K € Kg if and only if (8) admits
a unique stabilizing solution X = 0 such that the matrix
A + B72X i Sk is Hurwitz. Subtracting (7) from (8) gives

AK(XK —XK) + (XK —XK)A—II—(—FﬁiQXKSKXK =0.

Since A is Hurwitz and the last term is positive semidefi-

nite, it follows that X —Xr = 0, and hence the H, cost ad-
mits an upper bound || T2(K)|3,, < tr((Q2+K R:K)Xk)
for all K € K. Therefore, we define the mixed cost

Jmix(K) :=tr((Q2 + KT Ry K)Xg), VK €Kg, (9)

where X is the unique stabilizing solution to (8).
In sum, we consider the following mixed design [3-5]

inf Jmix(K)~

KeKg (10)

Unlike the Hs cost, Jmix is evaluated using the Riccati so-
lution X from (8) rather than the Lyapunov solution X
from (7). Since the cost and constraint in (10) are in gen-
eral defined by distinct signals zo and z,, we refer to this
formulation as the two-channel mixed Ho/H o design.

We make the following standard assumption throughout.
Assumption 1 (A, B) is stabilizable and (Q§/2,A) is de-
tectable. In addition, the robustness parameter satisfies 8 >
B = infrex || Too (K)||5.. -

We make another assumption for analysis [14, 42].
Assumption 2 The matriz Q2 is positive semidefinite.
The matrices W, Q«, Rz, and R are positive definite.
Remark 1 (Single-channel case) When the Ha and Ho
channels share the same performance output, Jmix n (9)
simplifies. Specifically, let Q:=Q2=Q and R:=Rs= R
in (3) and (4), so that z2 = zoo. Under Assumption 1,

Jmix(K) = tr(PkW), VK € Kg, (11a)

where Pk is the stabilizing solution to the Riccati equation
AL P+ PrAg+8PkWPKk+Q+KTRK=0 (11b)

with Ag+B72W Px Hurwitz. We give further details in Ap-
pendiz A.1. As we will see, this reformulation yields a sim-
pler gradient formula and a closed-form optimum. O



2.8 Problem statement

Classical solutions to mixed Ho/Hoo design primarily
rely on Riccati equations or LMIs. While effective for small-
to medium-scale systems, these techniques offer limited in-
sight into the optimization landscape, and may face chal-
lenges in high-dimensional or data-driven settings.

In this work, we revisit the mixed Ha/H o control in (10)
from a nonconvex optimization perspective. Our goal is to
uncover key structural properties and lay a theoretical foun-
dation for policy optimization, focusing on three aspects:

(1) Geometry of the optimization landscape. We
study the geometry of the H,o-constrained feasible
domain Kg in (6), and analyze key properties of the
mixed cost function in (9), including continuity, ana-
lyticity, and gradient expressions.

(2) Global optimality of stationary points. We in-
vestigate whether problem (10) admits spurious sta-
tionary points. We further derive the optimality con-
ditions, and analyze the existence and uniqueness of
stationary points.

(3) Analysis via the ECL framework. We explore if the
hidden convexity in problem (10) can be revealed via
an appropriate convex lifting. In particular, we ask if
an extended convex lifting (ECL) can be constructed
to certify the global optimality of stationary points.

Collectively, our results provide a renewed understand-
ing of mixed Ha/H oo control through nonconvex optimiza-
tion and convex lifting, and offer guidance for the design of
principled policy optimization algorithms in large-scale or
model-free settings.

3 Basic Landscape Properties

In this section, we investigate the optimization landscape
of (10), i.e., the geometry of the feasible set Kz and struc-
tural properties of the mixed cost function Jy,ix.

3.1 Geometry of the Hoo constrained domain

We start with a version of the Bounded Real Lemma,
which connects a Riccati equation (or inequality) to an up-
per bound on the H, norm. Here, we slightly abuse the no-
tation for the matrices A, B, and C, but this should cause
no confusion in the context.

Lemma 1 (Bounded real lemma [39, Corollary 13.24])

Consider the transfer function G(s) = C(sI — A)™'B,
with A € R™™ B € R"*"™ and C € RP*™. Then, for any
B > 0, the following statements are equivalent.

(1) The matriz A is Hurwitz and ||G(s)||x.. < B.

(2) There exists an X > 0 satisfying the Riccali inequality

AX + XAT +72XCTCX + BBT <0.  (12)
(8) The Riccati equation
AX 4+ XAT+572XCTCX +BB"=0  (13)

admits a unique stabilizing solution X (i.e., A +
B2XCTC is Hurwitz) satisfying X = 0. If (A, B) is
further controllable, we have X = 0.
From [39, Corollary 13.13], the stabilizing solution X to
(13) is also minimal, i.e., X < X for any other symmetric

solution X to (13). This property clarifies the stabilizing so-
lution in defining the mixed cost function (9), as it provides
the tightest upper bound on the corresponding s norm.
Lemma 1 plays a crucial role in understanding the feasible
set and cost function of the mixed Hs/H o design (10). We
summarize several basic properties of Kz below.
Lemma 2 Suppose Assumptions 1 and 2 hold. The set KCg
in (6) satisfies the properties below:

(1) It is always nonempty, open, and path-connected;

(2) It is, in general, nonconver and unbounded.

Proof: The nonemptiness of g follows directly from As-
sumption 1. To establish openness, we apply Lemma 1 to
the transfer function Too (K). This ensures that K € Kz if
and only if there exists X > 0 (the positive definiteness is
ensured by W > 0) satisfying the strict Riccati inequality

AgX + XA + B72XSk X +W <0. (14)

Since the inequality is strict, the same X > 0 ensures that
the inequality holds for all K’ in a sufficiently small neigh-
borhood around K. Hence, K3 is open.

Path-connectivity can be established using a strategy
similar to that in [22, Section ITI A]. By applying the Schur
complement to (14) and introducing the change of variables
K =YX~ we see that K € K if and only if there exist
matrices X > 0 and Y satisfying F..x < 0, where

AX + XAT + BY + YTBT + W XQM* YTRY?

Fevx:= clx/:2X —62[ 0 (15)
2y 0 —p2r

The above inequalities define a convex set in the lifted vari-
ables (X,Y), and since the map K = Y X! is continuous,
it follows that kg is path-connected.

While the nonconvexity of K is well-known, its unbound-
edness has not been discusse The example below illus-
trates the nonconvexity and unboundedness of Kg. O

Example 1 Consider A= —I3, B=B,=Qs =Rs = I,
and policies of the form K = [Z; 2;3] for Kg in (6). Let
B = 3.5. We numerically verify that

00
Ky =
-10

but K3 = $(K1 + K2) ¢ Kg. To see the unboundedness of
K3, we analytically compute the Ho norm below

N
1—k

€ Ks.5,

0 -2
€ K35, Ko=
00

T oo (K)| 30 = <11, VK =k, k<0.

This implies that for any 8 > 1.1, Kg is unbounded.

Fig. 1(a) plots KCg restricted to the subspace k11 = koo = 0
for p=3.5,6, and oo (i.e., the unconstrained stabilizing set
K). The policies K1, Ko, and K3, marked in red, demon-
strate the nonconvexity for 5 = 3.5. As expected, the feasible
set KCg becomes larger as B increases. O

! The set Kg in the discrete-time is bounded due to the coer-
civity of the discrete-time Hoo function [21].



(a) Nonconvexity of Kg

(b) Nonconvex noncoercive Jmix

(¢) Nonconvex coercive JLqr

Figure 1. (a) Nonconvex K with ki1 = kgz = 0 for different 5 in Example 1. (b)-(c) Nonconvexity and (non)coercivity of the
costs in Example 2, with feasible sets K3.5 and Koo for (b) and (c) respectively. Red dots highlight global minima.

We next characterize the boundary of Kg. This will be
useful as we later discuss the properties of Jpyix.

Theorem 1 Let cl(Kg) denote the closure of Kg defined in
(6). Under Assumptions 1 and 2, we have

cl(Kp) = {K € K| [[Too(K)[#1.. <85}

Theorem 1 may seem obvious, but the argument is in fact
subtle. For instance, consider f(z) = z?(x + 1) and C; =
{z e R| f(zx) <0}, Cy = {z € R| f(x) < 0}. Clearly,
Csy ¢ cl(Cy) since 0 € Cy cannot be approached by any
sequence in C;. In fact, Theorem 1 relies on fundamental
properties of the Ho, norm to handle the above issue as
well as marginally stabilizing policies. We present the full
details in Appendix A.2.

Theorem 1 implies that the boundary of Kz, denoted
0K := cl(KCs)\ s, is the set of stabilizing policies whose
‘Hoo norm equals 3. Note that 93 may be unbounded.

Corollary 1 Under Assumptions 1 and 2, the boundary of
K satisfies 0Kg C{K € K | | Too(K)||n. =8}

3.2 Analyticity of the mized Ha/Hoo cost function

We now examine some properties of the cost function. It
is clear from Lemma 2 that Jpix is nonconvex. Our next
result shows that it is real analytic (and hence infinitely
differentiable) on the feasible set Kg.

Theorem 2 Under Assumption 1, the mized Ha/Hoo cost
function Jumix in (9) is real analytic on Kg.

Note that Jyix is defined through the stabilizing solution
X of (8), which admits no closed form. Instead, we use the
Implicit Function Theorem [43, Theorem 2.3.5] to show that
Xk depends analytically on K € KCg. Thus, the cost Jpix is
real analytic. Proof details are provided in Appendix A.4.

Since K3 is open, the optimal value of problem (10) may
not be attained but only approached at the boundary 0Kg.
To capture this limiting behavior, we extend Jpix to 9K3.
By Corollary 1, any K € 90Kz satisfies || Too(K)||n., =
B, so Lemma 1 no longer applies and (8) does not admit
stabilizing solution. Nonetheless, it is known that (8) still
admits a unique minimal solution X g with eigenvalues of
Ak + B72X Sk in the closed left half-plane [39, Corollary
13.13, Lemma 13.17]. We thus define the boundary cost as

Jmix(K) = tr((Q2 + KT RoK)Xf), VK € 0Ks, (16)

where X is the minimal solution to (8).

The above extension is continuous: as K € Kg approaches
a boundary point K € 0Kg, the cost converges to jmiX(K 0)-
Lemma 3 Suppose Assumptions 1 and 2 hold. Given any
boundary point Ko € 0Kg, we have

Jmix(K) - Jmix(KO)-

lim
K—Ko,KeKg
The proof relies on a nontrivial continuity result for
Riccati minimal solutions [44, Theorem 11.2.1], with de-
tails deferred to Appendix A.3. As a direct consequence of
Lemma 3, the cost Juyix is non-coercive, remaining finite
as K with ||K|| < oo approaches the boundary of Kg.
Nevertheless, since Jy,ix serves as a pointwise upper bound
on the coercive LQR cost, it exhibits partial coercivity:
Imix (K) = 00 as || K|| — oo.
Example 2 (Non-coercivity) Consider the problem in-
stance from Example 1. We set 8 = 3.5 and Q2 =R =15
to define Jynix. For comparison, we also consider the limit-
ing case B = oo, which reduces to the LQR cost Jiqr. The
global optima are K* = —0.419315 for Jnix and KEQR =

(1 —+/2)I, for Juqr- Fig. 1(b) depicts Juix for K = K* +
[kgl M2 while Fig. 1(c) plots Juqr for K = Kigr +
[kgl ’%2 ] . As shown in Fig. 1(b), the cost Jmix stays bounded
as K with || K|| < oo approaches the boundary 0K g, unlike
Juqr which diverges in Fig. 1(c). O

Theorem 2 ensures that Jyix is infinitely differentiable.
In particular, we have the following gradient formulas.

Lemma 4 Suppose Assumption 1 holds. For any K € Kg,
the policy gradient of Jmix is given by

VJmix(K) =2(RoK+B T g+ 2Roo K Xk T i) X1, (17a)

where X i s the stabilizing solution to the Riccati equation
(8), and Tk is the unique solution to the Lyapunov equation

ATk +TgAr + Qo+ KTRyK =0 (17b)
with Ag = Ag + 872X Sk being stable.

Lemma 4 applies to the general two-channel case. In the
single-channel case where 2o = z,, an alternative gradient
expression can be derived using (11).



Lemma 5 Suppose Assumption 1 holds. If zo = zo in (3)
and (4), the policy gradient of Jyix can be evaluated as
Vimix(K) = 2(RK + B"Pg)Ax, YK €Kz  (18a)
where Py is the stabilizing solution to the Riccati equation
(11b), and Ak is the solution to the Lyapunov equation
AxAg + A AL +W =0 (18b)
with A == Ay + B72W Py being stable.

The formula in (17) also applies to the single-channel case

by setting Q2 = Qo and Ry = R,.. While mathematically
equivalent, the alternative expression in (18) is more useful
for analysis. Our proofs of Lemmas 4 and 5 build on the
strategy of [16, Appendix B.4], adapting sensitivity analysis
of Lyapunov equations to the Riccati settings. Details are
provided in Appendices A.5.
Remark 2 (Comparison with LQR) Lemmas 4 and 5
show that computing V Jmix requires solving one Riccati and
one Lyapunov equation, slightly more involved than the LQR
case, which only needs two Lyapunov equations [45, Section
IV]. Note that as 8 — 00, Jmix in (9) and (11) reduces to
JrLqr, and both gradient formulas simplify to V JLqr. In par-
ticular, we have VJiqr(K)=2(RoK + B'T'x) Xk, where
Xx and Tk are the solutions to the Lyapunov equations

A Xg + XAk +W =0,

: ! (19
AKFK +IkAx + Q2+ K Ry K =0.

This is expected as (10) reduces to LQR as 8 — 0. a

4 No Spurious Stationary Points

In this section, we characterize the global optimality of
the mixed Ha/Hoo design (10).

4.1 Any stationary point is globally optimal

Since K is open, any local minimizer of Jpyix must lie
in its interior and thus must be a stationary point. Despite
nonconvexity, we establish a key result that every stationary
point (when it exists) of (10) is globally optimal.
Theorem 3 Suppose Assumptions 1 and 2 hold. For any
policy K € Kg, if K is a stationary point, i.e., VJmix(K) =
0, then K is a global minimizer of (10).

Owing to the absence of spurious stationary points, the
mixed Ha/Hoo design (10) exhibits hidden convexity: ev-
ery local minimum is globally optimal. This parallels recent
results on benign nonconvexity in state-feedback problems
such as LQR [13-15] and H control [21,23,46].

Theorem 3 is most closely related to [24, Proposition A.5],
which establishes the global optimality of all stationary
points in the single-channel case. Its proof relies on a game-
theoretic formulation, whose extension to the two-channel
case (10) remains unclear. In contrast, our approach builds
on convex reformulations via the recently developed ECL
framework [23], which provides greater transparency and
directly deals with the general two-channel problem. In this
sense, [24, Proposition A.5] appears as a special case of
Theorem 3. Our proof involves an explicit ECL construc-
tion, which requires careful analysis of (non)strict Riccati
inequalities. We provide the details in Section 5.

Building on Lemma 4 and Theorem 3, we further derive

stationarity conditions that characterize global optima of
problem (10). To simplify the expression, we assume R, =
a@?Ry with o > 0 as a design parameter [4].
Corollary 2 Suppose Assumptions 1 and 2 hold, and as-
sume Roo = 2Ry for some a > 0. Then a policy K € Ks
is global optimal for (10) if and only if there exist matrices
I' >0 and X > 0 satisfying the following conditions:

K =—Ry'BT (I 48 2a*XT) ", (20a)
AgX + XA, + B 2XSgX +W =0, (20b)
ALT +TAg + Qo+ KTRyK = 0, (20c)

where Ag :=Ag + B72X Sk is further Hurwitz.

Proof: We prove the equivalence in two directions.

=. Suppose K € Kg is globally optimal for (10). Since K
is open, we must have VJ,ix(K) = 0. Using the gradient
formula (17) and setting VJnix(K) = 0 yields

2(RoK + B T + B 2R KXkT ()X =0,  (21)
where X is the unique stabilizing solution to the Riccati
equation (8) and I'k solves the Lyapunov equation (17b).
Since W = 0, the bounded real lemma ensures that X5 > 0.
In addition, (17b) implies that I'x > 0. Thus, the matrix
I+ B72a?X Tk is invertible. Let T’ := ' and X := Xk.
Then using R, = a?Rs, we can rearrange (21) to obtain
(20a). It is clear that (8) and (17b) corresponds to (20b) and
(20c), respectively. Thus, all three optimality conditions are
satisfied.

<. Suppose that there exist X = 0 and I' = 0 satis-
fying (20a) to (20c). From (20b) and the stability of Ag,
Lemma 1 implies that K € Kg. Substituting the expression
for K in (20a) into the gradient formula (17) confirms that
V Jmix(K) = 0. We then conclude by Theorem 3 that K is
a global minimizer of (10). O

Corollary 2 provides necessary and sufficient conditions
for a policy K € K3 to be globally optimal. Similar condi-
tions were derived in [4, Theorem 4.1] via Lagrange multi-
pliers, but were only shown to be necessary.

Clearly, Corollary 2 also applies to the single-channel
case. However, the alternative formulation in (11) leads to
a simpler gradient expression in (18), further offering ad-
ditional insight into global optimality. To see this, with
W = 0, the solution Ak to the Lyapunov equation (18b) is
positive definite, and therefore, the stationarity condition
V Jmix(K) = 0 implies K = —R™' BT Pk. Substituting this
into the Riccati equation (11b) results in a single Riccati
equation, as summarized below.

Corollary 3 Under Assumptions 1 and 2, if zo = 2o in
(3) and (4), a policy K € Kz is globally optimal for (10) if
and only if there exists a matriz P = 0 such that:
K=—-R'BTp,
ATP+PA+ P(B2W —BR™'B")P+Q =0,

(22a)
(22b)

where A+ (372W — BR™'BT)P is further Hurwitz.

The proof is similar to that of Corollary 2. We give some
details in Appendix B.1. Compared with the coupled con-
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Figure 2. Optimization landscapes of Jmix, Joo, and Juqr in Example 3. (a) Infimum Ji not attained (hollow red circle marks the
boundary). (b) Minimum J5 attained (solid red dot). (¢) Single-channel case: minimum attained (solid red dot).

ditions in (20), the conditions in (22) are much simpler, re-
quiring solving only a single Riccati equation independent
of K.

Remark 3 (Connection to LQR) As §— oo, both opti-
mality conditions in the single- and two-channel cases, (20)
and (22), reduce to the classical LQR Riccati equation

A"P+PA—-PBR 'B'P+Q =0,

with the optimal policy K = —R™'BTP, where P is the
stabilizing solution. |
Remark 4 (Connection to H,, suboptimal control)

The Riccati equation (22b) is closely tied to state-feedback
Hoo suboptimal control. By [39, Theorem 17.6] and [44, The-
orem 20.2.1], it admits a unique stabilizing solution P if and
only if there exists a policy K € K. One suboptimal policy is
given by K =—R™'BTP. As shown in Corollary 3, this K
also solves problem (10) with zo = zo,. This highlights the
close connection of (10) to several classical formulations,
including mazimum entropy Heo control [47], risk-sensitive
control [48], and zero-sum dynamic games [29, 34]. O

4.2 Existence of stationary points

Theorem 3 and Corollaries 2-3 do not ensure the existence
of stationary points. In particular, the optimality conditions
(20) may be infeasible. We summarize this fact below.

Fact 1 Under Assumptions 1 and 2, the mized Ho/Hoo
control (10) may admit no stationary points in KCg, and its
optimal value may not be attained within Kg.

In fact, the infeasibility of (20) stems from an overly
stringent robustness requirement. Relaxing the constraint
by increasing 3 ensures the existence of a stationary point.
Theorem 4 Under Assumption 1, there exists a threshold
B > 0 such that for all 8 > B, problem (10) admits a sta-
tionary point K € Kg. Equivalently, there exists (K, X,T")
satisfying (20) where X is the stabilizing solution to (20b).

Note that this existence result does not rely on the as-
sumption R, = a?Ry. The proof uses a perturbation ar-
gument around the LQR case. The key insight is that as
B — oo, the optimality conditions (20) converge to those of
LQR (Remark 3), where a stationary point always exists.
The details are technically involved, and we present them
in Appendix B.2.

In contrast, the single-channel case always admits a sta-

tionary point attaining the optimal value, thanks to its con-
nection to Hoo suboptimal control (Remark 4).

Theorem 5 Under Assumptions 1 and 2, the single-
channel problem (10) with zo =z admits a unique station-
ary point K € Kg, given by K = —~R™'BTP, where P is
the stabilizing solution to the Riccati equation (22b).
Proof: By [39, Theorem 17.6] and [44, Theorem 20.2.1],
(22b) admits a stabilizing solution if and only if Kz is
nonempty, satisfied by Assumption 1. Then, under Assump-
tion 2, the stationary point is given by (22a), and its unique-
ness follows from that of the stabilizing solution. O
We provide a simple example illustrating Theorems 4
and 5, showing that the existence of stationary points de-
pends on f.
Example 3 Consider a scalar instance of (10) with A =
—1,B=By,=1,Q2=0,Qx =1, Ro = R, = 1. The
stabilizing set is K={k € R : k< 1}. The Hoo norm can
be computed in closed form as Joo(k) = || Too(k)|ln. =
V1+k2/(1—k) for all k < 1, which yields the feasible set

Ke={k:1+k*<B*(1-k)? k<1}.

With Jmix(k) = k%X, and X the stabilizing solution to
B2(k* +1) X2 +2(k— 1) Xy + 1 =0, problem (10) reads

Jj = inf KX, Xip= Lokoy/(k=1)2 =B (k2 41)

=y AT (R )

Case 1: 8 = 1. We have K1 = {k : k < 0}. The infimum
Ji = 0 is not attained in K1 but approached as k — 0~ and
Xy — 17 (see Figure 2(a)).

Case 2: f = 2. We have Ky ={k : k< (4—+/7)/3}. The
infimum Ji = 0 is attained by the optimal policy k* = 0 (see
Figure 2(b)). One can verify by Lemma 4 V Jmix(k*) = 0.

Case 3 (single-channel): § = 1. We consider Q =0
and R=1, which preserves the LQR cost but alters the Hoo
constraint (blue curve in Figure 2(c)). Here, Jyix always
admits a stationary point, showing that problem structure
beyond B also affects the existence of optimal policies.

5 Analysis via Extended Convex Lifting

This section exploits the recent ECL framework to prove
the global optimality result in Theorem 3, details the ECL



construction for problem (10), and discusses the solvability
of the associated convex reformulation.

5.1 A framework of Extended Convex Lifting

The ECL framework [23] studies a class of nonconvex opti-
mization problems using convex tools. The key idea is sim-
ple and based on a change of variables. Let f : R® — R
be smooth and nonconvex. Suppose there exists a smooth
bijection y = ¢(z) such that g(y) := f(¢~'(y)) becomes
convex. It is then clear that min f(z) = min g(y) and every
stationary point of f is globally optimal. Here, the mapping
y = ¢(x) acts as direct convexification.

The ECL generalizes this idea to a broader class of con-
strained nonconvex problems that may not admit direct
convexification. Indeed, such problems frequently arise in
control, including (10). We first review the definitions and
key results of ECL, presenting a simplified version tailored
for clarity and relevance to our setting.

For a function f : D — R with an open domain D C R,
we define its strict and non-strict epigraphs by

epis (f) = A{(z,7) e Dx R | v > f(2)},
epix (f) = {(z,7) e Dx R |y > f(a)}.

Definition 1 (Extended Convex Lifting [23]) Let f :

D — R be continuous, where D C R? is open. We say that

a tuple (Ligy, Fevxs P) is an ECL of f if the following hold:

(1) Ly € RYx R xR% is a lifted set with an extra variable
€ € R%, such that its canonical projection onto the first
d+1 coordinates, given by my~(Lig) ={(x,7) : I €
R s.t. (z,7,€) € L1}, satisfies

epi (f) C 7z (Lie) C clepis (f).

(2) Fevx TR % R+ s q convex set and ® is a C? diffeo-
morphism from Lig t0 Feyx-

(3) For any (z,7,§) € L, we have ®(z,v,£) = (v,¢1) €
Fevx for some (1 € R In other words, the mapping
D directly outputs v in the first component.

This procedure generalizes direct convexification by in-
troducing epigraphs and a lifting variable £. The set inclu-
sion (23) also adds flexibility. Similar to direct convexifica-
tion, the existence of an ECL enables the minimization of f
over D to be reformulated as a convex problem. Specifically,
we have the following equivalence [23]

(23)

inf f(z)= inf ~, (24)

z€D (7,¢1)EFevx

where the right-hand side is convex by the ECL construction.

We here define non-degenerate points of f.
Definition 2 (Non-degenerate points [23]) Given an
ECL (L, Fevx, @) for f, a point & € D is called non-
degenerate if (z, f(x)) € Ty (Ligt).

Lastly, the existence of an ECL certifies the global opti-
mality of non-degenerate stationary points of f.
Lemma 6 ([23, Theorem 3.2]) Let f : D — R be differ-
entiable, where D C R? is open. Suppose f admits an ECL

(List, Fevxs ®). Then, any non-degenerate stationary point
x* satisfying V f (x*) =0 is a global minimizer of f over D.

5.2 Proof of Theorem 8 via ECL construction

In this section, we construct an ECL for problem (10),
and show that all feasible policies in Kg are non-degenerate
under Assumptions 1 and 2. Theorem 3 then follows directly
from Theorem 6. The ECL construction details are involved,
which rely on the (non)-strict bounded real lemma.

We start by characterizing the non-strict epigraph of the
extended cost Jpix, which is central to the ECL construction.
Working with the extended cost simplifies the treatment of
boundary cases and also facilitates subsequent proofs.

Lemma 7 Consider the extended cost Jmix : cl(Kg) = R
defined in (16). Under Assumptions 1 and 2, a pair (K,~) €

epiz(jmix) if and only if there exists some X =0 such that

7> tr(QoX) + tr(Re KXKT),
A X + XA +W + 82X SgX < 0.
The proof of Lemma, 7 is deferred to Appendix C.1. We
now construct an ECL for (10) in three steps.
Step 1: Lifted set. Motivated by Lemma 7, we introduce
a lifted set L with an extra variable X

KeR™"™ vyeR, X =0,
(K7, X) |y > tr(QeX) + tr(RoKXKT),
Ax X +XAL+B72X S X+W <0

L:]ft = (253,)

Step 2: Convex set. We define a convex set

’yER, X =0, YERmxny chxjov

]:cvx = 7X7Y
{(W ) > tr(QeX) + tr(RyY X 1Y)

} . (25b)

where F.yx is defined in (15).

Step 3: Diffeomorphism. Using the classical change of
variables Y= K X, we define the mapping

O(K,v,X)=(,X,KX), V(K,v,X)€eLy. (25¢)
Lemma 7 immediately yields the following key result,

which validates the ECL construction.
Corollary 4 Under Assumptions 1 and 2, we have

eplz (Jmix) =TK,y (‘let ) .

The following result validates that the constructed tuple
(Ligt, Fevx, ©) forms an ECL for (10).
Theorem 6 Under Assumptions 1 and 2, the canonical
projection of Lig, onto (K,7), denoted mx ~(Lis), satisfies

epiZ(Jmix) - ’/TK,’y(Elft) = ClepiZ(Jmix)- (26)

Moreover, the mapping ® given by (25¢) is a C? (and in fact
C™) diffeomorphism from Ly in (25a) to Feyx in (25b).

Note that the set inclusion in (26) follows directly from
Corollary 4, whereas proving the set identity in (26) re-
quires an additional argument showing that epis (Jmix) =
clepis (Jmix), with proof details given in Appendix C.2.

Since epis (Jmix) € epis(Jmix), the inclusion in (26) is
stronger than that required by the ECL definition in (23),



which enlarges the set of non-degenerate points and allows
ECL to certify global optimality over Kg.
Remark 5 (Another valid ECL) In constructing Ly, in
(25a), the nonstrict Riccatiinequality is crucial for establish-
ing epis (Jmix) C T ~(Lige). If instead the strict Riccati in-
equality is used, the construction still yields a valid ECL, but
only ensures the weaker inclusion epis (Jmix) C T ~(Lig)-

By Lemma 6, an ECL certifies the global optimality of
any non-degenerate stationary points. According to Defini-
tion 2 and the inclusion epis (Jmix) € Tk (L) shown in
Theorem 6, we have the following desirable property.
Corollary 5 Using the ECL (L, Fevx, @) in (25), any K €
K3 is non-degenerate.

Considering Fact 5 and the differentiability of Jyix over
Ks (Lemma 4), the global optimality established in Theo-
rem 3 follows directly from the ECL guarantee in Lemma 6.

5.8  Convex reformulation and its solvability

The ECL construction also leads to a convex reformulation
n (24), which offers further insight into problem (10).
Theorem 7 Consider problem (10) and the convex set Feyx
in (25b). Under Assumptions 1 and 2, we have

inf Jmix(K) =
KeKp

min (27)
(7, X, Y)EFevx

We use “min” in (27) to indicate that the optimum is
always attained (see Proposition 1). Unlike (10) optimizing
K over the policy space K g, the convex reformulation in (27)
optimizes (v, X,Y") over the higher-dimensional set Feyx.

The result most relevant to Theorem 7 is [5, Theorem
4.3], which gives a similar reformulation via strict LMIs
(equations (30)-(31) therein). While the strict formulation
yields the same optimal value, it does not capture the global
optimality of all stationary points (Theorem 3).

We now address the solvability of the reformulation.

Proposition 1 Let~y* be the (finite) optimal value of (10).

Under Assumptions 1 and 2, the following statements hold.

(1) The reformulation in (27), i.e. Min(,, x y)eF,, . ¥, ad-
mits a solution. That is, there exists (v*, X*,Y*) €
Fevx attaining the minimum ~*.

(2) The corresponding policy K* = Y*(X*)~! lies in
cl(KCg) with its extended cost value Jnix (K*) = v*.

Proof: By Theorem 7, v* = ming, xyv)er.,.7- We
first note that v* cannot be attained as |K|| — oo since
the corresponding cost diverges. Now consider the case
where +* is attained in Kg, i.e., there exists K* € Kz
with Jnix(K*) = ~*. That is, (K*,7*) € epis(Jmix)-
By the inclusion epis (Jmix) € 7k (L) in (26), there
exists X* such that (K*,v*, X*) € L. Applying the dif-
feomorphism ®(K*, v*, X*) = (v*, X*,Y*) € Feyx then
establishes solvability in this case.

Next, consider the case where v* is not attained in Kg.
By the continuity in Lemma 3, there exists a boundary
policy K* € 0Kg with Jnix(K*) =~*. Crucially, the pair
(K*,~*) still admits a valid lifting to Lg. This follows from

Corollary 4, where epis (Jmix) = T ~(Ligr) guarantees the
existence of X* such that (K*,v*, X*) € Lig. Applying the
diffeomorphism ®(K*,v*, X*) = (v*, X*,Y™*) € Feyx then

shows solvability.

Combining both cases and noting that K* = Y*(X*)~!
since Y* = K*X* we conclude that there exists
(v, X*,Y™) € Foux with K* € cl(Kp). O

Proposition 1 guarantees solvability of the convex refor-
mulation in (27) as well as recovery of an optimal policy,
even when the optimal value is not attained in K, in which
case the policy lies on the boundary 9Kg.

6 Numerical Experiments

In this section, we present numerical experiments evalu-
ating the performance of different methods for solving the
mixed Ha/Hoo control (5) and (10) in both small and large-
scale cases.

6.1 Numerical approaches and setup

We compare four approaches:

(1) Analytical solution: For the single-channel case, we
solve the Riccati equation (22b) and obtain the opti-
mal policy from (22a).

(2) Policy iteration: Inspired by the optimality conditions
in Corollaries 2 and 3, we apply iterative policy up-
dates to solve (10) and its single-channel case. The de-
tails are given below.

(3) LMI-based convex optimization: Solve the convex re-
formulation in (27) with the conic solver MOSEK [49].

(4) HIFOO: A sophisticated nonsmooth optimization pack-
age (v3.501 with Hanso 2.01) for fixed-order Ha/Hoo
controller synthesis [50].

Policy iteration. The method starts from a feasible pol-
icy and alternates between policy evaluation (solving a Ric-
cati equation) and policy improvement. It can be viewed
as a fixed-point iteration for solving a stationary point
V Jmix(+) = 0. In the single-channel case with zo = 24, us-
ing (18), the update simplifies to:

K' = —-R'BTPg, (28a)
which is equivalent to the Gauss-Newton update: K/ = K —
RV Jmix (K)A %" with 7 = 1/2. This update preserves
feasibility, and its convergence is established in [24]. For the
general two-channel setting, we adopt an analogous fixed-
point iteration based on (17):

K' = -Ry'B T(I+ B 20’ XkTk) " (28b)
While a formal convergence analysis remains open, we con-
jecture that the method converges for sufficiently large S,
and leave this as future work.

Setup. All experiments are conducted in MATLAB
R2024b. The stabilizing Riccati solution is computed using
MATLAB’s icare. Policy iteration is run until conver-
gence ||[K’ — K|| < 107°. For LMI-based methods, we use
MOSEK with its default high-accuracy stopping criteria.

We compare these methods in terms of 1) the runtime
complexity; 2) the square root of Juyix of the converged
policy; 3) the resulting Hs and Hoo norms.



6.2 A low-dimensional example

We begin with a low-dimensional example (instance 0)
with a 3 x 3 policy matrix. The problem parameters are

111 101
A=1010{, B=|011|, By, =>5Is.
100 002

The performance matrices for the Hy and H., channels are

111
1
Q= 1|111], Rgzilg, Qoo = Roo = I3.
111

For the special case z9 = 2z, we set Q= R=I35. The mini-
mal achievable robustness level (i.e., the optimal H ., norm)
is 8* ~ 5.24. We evaluate all methods with § = 6, 14, and
18. One can verify that Assumptions 1 and 2 are satisfied.
For reference, in the single-channel case, the optimal LQR,
policy achieves an H, norm ~ 9.26 (with the optimal LQR
cost & 9.92); in the two-channel case, the corresponding
values are around 19.15 and 4.65, respectively. Therefore,
our chosen 8 values are small enough so that problem (5)
cannot be solved analytically for the two-channel case.

Table 1 summarizes the performance of all four ap-
proaches. The ARE row shows that solving (22b) is the most
efficient and serves as the benchmark when z; = z,.. From
the PI row, we observe that the single-channel update in
(28a) performs reliably, requiring only about 10 times the
runtime of solving (22b). In the two-channel setting, the
policy iteration in (28b) converges for § = 18, maintaining
feasibility throughout and achieving the optimal policy of
(10), consistent with the LMI-based solution. However, for
smaller values of 3, (28b) fails to converge, an observation
consistent with our conjecture. For § = 6, the iterates
leave the feasible set K and the procedure terminates
(e.g., at some iteration ¢, the Ho norm of K; exceeds 6).
For B = 14, the iterates remain feasible in /Cg but fail to
converge, instead exhibiting a periodic behavior suggesting
of a limit cycle.

From the LMI row, we see that the global minimum of
Jmix is attained by solving the convex reformulation, with
the gradient V Jp,ix of the resulting policy nearly zero. Over-
all, when successful, all three methods (ARE, PI, LMI) yield
almost identical solutions. Finally, the HIFOO solver is less
reliable for smaller 3, often triggering warnings or failing
to return feasible solutions. Even at 8 = 18, its perfor-
mance (especially the H., norm) deviates noticeably from
the other methods. This is expected as HIFOO relies on non-
smooth local optimization and does not guarantee global
optimality. In contrast, our result in Theorem 3 ensures
that stationary points found via gradient-based methods
are globally optimal.

6.3 Higher-dimensional examples

We next consider three higher-dimensional examples,
with policy matrices of sizes 15 x 15, 60 x 60, and 90 x 90,
referred to as instances 1, 2, and 3, respectively. The prob-
lem data for the single-channel formulations are adapted
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Table 1

Comparison of different methods on Instance 0. Results for the
two- and single-channel cases are shown under 2-ch and 1-ch
subcolumns, respectively. A dash (-) indicates unavailable re-
sults. Bold values mark the best runtime among all methods.

B=6 B=14 B=18

2-ch  1-ch  2-ch l-ch  2-ch  1-ch

time - 0.01 - 0.01 - 0.01

WRE e - 161 - 104 - 10.2
Hy o - 127 - 9.9 - 9.9

Hoo - 593 - 8.50 - 8.79

time - 0.04 - 0.05 0.10 0.06

- JUZ 161 - 104 480 10.2

Ha o - 127 - 9.95 4.67  9.93

Hoo - 593 - 850 152  8.79

time 049 0.17 049 0.18 049 0.49

LM JY2 812 161 491 104 480 102

Ho 654 127 472 995 467 9.93

Heo 596 593 131 850 152 879

time - - 11.6 159 246 253

hifoo H» - - >10*  9.92 465 991

Hoo - - 9.69 104 179 9.26

from [24, Sec. 7.3]. For the two-channel formulations, we
retain the same H., performance signals but specify the
‘Ho performance with Q2 = I and Ry = iRoo.

The minimum robustness level 8* for instances 1-3 are
~ 0.067, 0.098, and 0.096, respectively. Unlike the low-
dimensional example (instance 0), our focus here is on as-
sessing the scalability of different methods. Accordingly, we
test larger robustness levels, setting 8 = 10, 15, and 20.
One can verify that all assumptions are satisfied.

Table 2 summarizes the results on the higher-dimensional
examples. As shown in the ARE row, solving the Riccati
equation remains highly efficient for the single-channel case,
even at larger scales. The PI row demonstrates that the up-
dates in (28) remain effective as the problem size increases.
Notably, the two-channel update (28b) converges across all
instances, with the resulting policies exhibiting nearly van-
ishing gradients, which empirically supports our conjecture.
This behavior suggests that (28b) enjoys an implicit reg-
ularization property, maintaining feasibility and achieving
convergence when f is sufficiently large.

The LMI row shows that the global minimum of Jyix can
be achieved by solving a convex reformulation. However,
despite yielding policies with nearly zero gradients, the LMI
method scales poorly: its runtimes for instance 2 and 3 are
significantly longer than those of the analytical and policy
iteration approaches. Overall, compared with the classical
LMI-based methods, these results show that policy itera-
tion can scale more favorably to large-scale problems.

7 Conclusions

In this paper, we examine the nonconvex optimization
landscape of mixed Ha/Hoo control. We characterize the
feasible set and cost function, showing that despite noncon-
vexity, every stationary point is globally optimal. Our anal-
ysis, grounded in the ECL framework, further clarifies the
role of strict versus non-strict Riccati inequalities in certify-
ing global optimality and ensuring solvability of the convex



Table 2

Comparison of different methods on Instance 1-3 (denoted I _3).
Results for two- and single-channel cases are shown under 2-ch
and 1-ch subcolumns, respectively. A dash (-) indicates unavail-
able results. Bold values mark the best runtime.

I, B=10 I, B=15 I3, B=20
2-ch  1l-ch  2ch 1-ch 2-CH 1-CH
time - 0.02 - 0.03 - 0.05
MRE b - 047 - 002 - 0.04
Hy - 047 - 112 - 1.22
Hoo - 0.09 - 0.14 - 0.14
time 0.10 0.06 0.28 0.09 0.61 0.46
- JMYZ 099 047 199 002 004 0.04
Ha 099 047 1.99 112 244  1.22
Hoo 198 009 772 014 927 0.14
time 027 037 11.3 20.1 89.7 143
LM JMY2 100 047  1.20 112 0.04  1.22
Ho 099 047 1.99 112 244  1.22
Hoo 198 0.09 777 014 927 013
time 143 857 356 275 262 221
hifoo Ho  0.99 047 199 112 244  1.22
Hee 201 0.09 857 014 10.1  0.14

reformulation. Several open questions are worth further in-
vestigation. An important one is to establish convergence
guarantees for policy iteration in the general two-channel
case, particularly for large 8. Another is to design prin-
cipled, scalable policy optimization algorithms for mixed
Ho/Hoo design with provable performance guarantees.

Appendix

The appendix is organized into three parts: proofs for
Sections 2-3, proofs for Section 4, and proofs for Section 5.
A Proofs in Sections 2 and 3

A.1 Proof of the cost equivalence in (11)
Let Sk := Q+KTRK. By Lemma 1, the Riccati equations

A X+ Xg AL+ XS X +W =0,
A} P+ P A+ 3 2Pk W P +Sk =0

(A1)
(A.2)

admit unique stabilizing solutions X g and Py respectively
for any K € Kg. To verify the cost equivalence in (11a),

define X :=—3"2X. Substituting into (A.1) gives

AXg+ XAl — XSk X —B2W =0, (A3)

where the associated closed-loop matrix is Ax — X KS K=
Ak + 72X Sk, which is Hurwitz by assumption. Thus,
X is the stabilizing solution to (A.3). Now consider the
Hamiltonian matrices associated with (A.2) and (A.3):

Ay ﬂ*QW

—Sx —A%

A} —Sk

H(K) L
BTEW —Ak

- (K =

Since the two Hamiltonians have identical eigenvalues (as
H(K)=H(K)T), and their associated closed-loop matrices
Ag + B2W Pk and Ax — XSk are both Hurwitz, they
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must share the same stable eigenvalues. Therefore, we have
tr(Ax + B72WPxk) = tr(Ag + 87° Xk Sk)

which implies tr(W Pg) = tr(XKgK).

A.2  Proof of Theorem 1

We prove the set inclusions in both directions. The first
is stated below, whose proof relies critically on the global
optimality property of state-feedback H ., cost function.

Lemma 8 Under Assumptions 1 and 2, we have
{K € K| || Too(K)[lr. < B} Scl(Kp).

Proof: We claim that for any K € K with || Too (K)||3.. <
3, there exists a sequence {K;} C Kg such that K; — K,
and hence K € cl(Kp).

Suppose for contradiction that this is false. Then there
exists a neighborhood U C K of K such that U N Kz = 0,
implying that | Teo(K')|3., > 8 for all K’ € U. Thus, K
(with || Too (K) ||, < B)isalocal minimizer of || Too(+)||2.,
over U. It is clear by continuity that || Too(K)||n.. =8

However, by [23, Corollary 4.1], every local minimizer
of | Too(+)||2., is a global one that attains the infimum
value 0*:=inf g ek || Too (K)|l%.. - Therefore, we must have
IT o0 (K) ||, = B*, which is a contradiction since 8 # S*.
Hence, such a neighborhood U cannot exist. a

Now we state the second auxiliary lemma. The key idea
is to exclude marginally stabilizing policies by leveraging
the fact that the H., cost diverges as K approaches a
marginally stabilizing policy.

Lemma 9 Under Assumptions 1 and 2, we have

c(Kg) C{K € K[ | Teo(K)|#o < B}

Proof: We first prove that any K € cl(Kg) must satisfy
IToo (K)||1., < B. Suppose for contradiction that there
exists K € cl(Kg) with || Too(K)|l., = 8 + € for some
€ > 0. Then there exists a sequence {K;} C Kg such that
K; — K. By the continuity of || Too(-)||7.., there exists N
such that for all j > N, || T (Kj)||n.. € [8,8 + €), which
contradicts {K,;} C Kg.

We next show that cl (g) C K. It suffices to show that
cl(Kg) N OK = 0, where 0K contains all policies K such
that Ak is marginally stable. The proof is by contradiction.
Suppose there exists some K € cl(Kg) N OK. Then there
exists {K,;} C Kg with K; — K. Consider the sequence of
transfer functions

1/2
o0

ééQKj

TOO(K]-) -

] (sI — Ak,)” ' Bu,

where A, is stable and || T oo ()|, < B since K; € Kg.
Because K; — K € 0K, we have
1/2
RiézKD

1/2
> = | Ax,B
1/2 bl wy
R KjD <

where Ak has at least one eigenvalue on the imaginary axis.

lim
j—o0

(AKjaBuM



Q1/2

RV’ K

Since (AK, By,

] ) isminimal, T o, (K) has at least

one pole that lies on the imaginary axis. By [23, Lemma
D.1], it follows that

lim || Too (K5) 141, = +o0,
J—00

which contradicts || Too(Kj)||n.. < B for all j. Hence
cl(Kg) NOK = 0, and therefore cl(Kg) C K. O

Combining Lemmas 8 and 9 leads to the desired result.
A.3 Proof of Lemma 3
We aim to show that for any Ky € 0K3

Jmix(K) == Jmix(KO)a

lim
K—Ko,KeKp
i.e., the extended cost function jmix is continuous on the
boundary 0K g. To this end, it suffices to establish

lim

X —X =0.
K—Ko,KeKp Xk |

(A4)

That is, the minimal solution Xk to the Riccati equation
(8) depends continuously on K € cl(Kg).

The proof relies on the following nontrivial theorem that

establishes the continuous dependence of minimal solutions
on the coefficients of Riccati equations.
Theorem 8 ([44, Theorem 11.2.1]) The minimal solu-
tion X to the Riccati equation AX + XAT+XDX+C =0
is a continuous function of the coefficient (A, C, D) on the
set of all (A, C, D) such that D =0, C = CT and (A, D) is
stabilizable.

To show (A.4), we apply Theorem 8 to the Riccati equa-
tion (8) corresponding to any K € cl(Kg). It is not difficult
to check that the coefficient matrices Ax, W, 5725k de-
pend continuously on K and satisfy all the conditions re-
quired by Theorem 8. Consequently, the minimal solution
Xk depends continuously on K € cl(K3), proving (A.4).

A.4  Proof of Theorem 2

To prove that Juix is real analytic on Kg, it suffices to
show that the stabilizing solution Xy to (8) depends real
analytically on K € K. This will be established using the
following version of the implicit function theorem.
Theorem 9 [51, Theorem 2.3.5] Let F : RF x R™ — R™
be a mapping such that each of its components, denoted by
Fj for j = 1,...,m, is a real analytic function. Suppose
(z0,90) € R*¥ xR™ is a solution to the equation F(x,y) = 0.
Furthermore, suppose the Jacobian matriz

Oy1 OYm
JyF(z,y)=| :

OFy, .. OFy

9y1 OYm

is invertible at (z,y) = (xo,yo). Then there exists a neigh-
borhood U C R¥ of xo and a mapping ¢ : U — R™ such that

(1) each component of ¢ is a real analytic function, and

(2) F(z,¢(x)) =0 forallz € U.
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We now proceed to verify the conditions in Theorem 9
for the Riccati equation (8). By vectorizing (8), we define

the following mapping F' : Kg x R — R" by
F(K,vex(X)) =, ® Ax + Ag ® I,,) vec(X)
+ B 2vec (X Sk X) + vec(W),

We then compute the Jacobian of F w.r.t. vex' (X). Using
standard matrix calculus and the symmetry of X and Sk,

Ovec(X Sk X)
dvecT X
Ovec(X Sk) OvecX
_(xT
=X @) dvec™X T (In® XSK)@VGCTX

=(X"®L)SkeI,)+1I,® XSk
=X"Sk oI, + 1, ® XSk.

Denoting Ax 1= Ag + 872X Sk, it follows that

OF (K, vec(X)) - ~
8V€CT(X) =1, Ax + Ax ® I,.
Now, observe that for any K € K the matrix Ay is Hur-
witz (and hence invertible) when X is the stabilizing so-
lution to (8). Thus, for any pair (Ko, vec(Xo)) satisfying
F (Ko, vec(Xp)) = 0, where X is the stabilizing solution
associated with Ky € kg, the above Jacobian is invertible.
By Theorem 9, it follows that Xk is real analytic in a neigh-
borhood of Ky € Kjs. Since K is arbitrary, we conclude
that X is real analytic on the entire set Kg. m|

A.5 Proof of Lemma 4

We begin with an auxiliary lemma that characterizes the
derivative of the stabilizing solution to a Riccati equation.
The key idea is to linearize the Riccati equation around the
solution, yielding a Lyapunov equation for the derivative.
Lemma 10 Let M : (=0,6) — R™*", G : (=4,0) — ST,
and H : (—=0,0) — S be real analytic matriz-valued func-
tions for some d > 0. Suppose that the Riccali equation

R(X,t) := My X, + Xe M, + Gy + X Hy X, =0 (A5)
admits a unique stabilizing solution Xy for allt € (=96,9),
i.e., My + Xy Hy is Hurwitz. Then X, is real analytic over
t € (8,9), and its derivative att = 0, denoted by X\, satisfies
the following Lyapunov equation

(Mo + XoHo)X{) + X, (Mo + XoHy)"

/ T / / (A'6)
+ (MyXo + XoMy + Gy + XoH(Xo) = 0.
Proof: From the proof of Theorem 2, the stabilizing so-
lution X} is real analytic in ¢t. Since My, G¢, Hy, and X; are
real analytic, each admits a Taylor expansion near ¢ = 0:

M, = Mo +tM} + o(t), Gy = Go + tGj + o(t),

A7
Substituting (A.7) into the Ricatti equation (A.5) and using
R(Xo,0) = 0 yields Mt + o(t) = 0, where M denotes the
LHS of (A.6). Since this equality holds for all small ¢, the



coefficient of ¢ must vanish, giving (A.6). O

We now derive the gradient formula of Jyix. Consider
an arbitrary direction A € R™*"™. For all sufficiently small
t > 0 such that K +tA € g, define M, := A+ B(K +tA),
Gy = W, Hy = B2(Quo + (K + t8)TRoo(K + tA)), and
let X; be the stabilizing solution to M; X; + XtMtT + Gy +
X:H; X; = 0, whose existence is guaranteed by Lemma 1.
At t =0, we have

My = Ak, M) =BA, G, =0, Hy= 25k

A8
H(/) 2572(KTR00A+ATROOK)7 Xo = Xk. ( )

By Lemma 10, X; admits the first-order expansion:
X, = X +tX{ +o(t). (A.9)

By (A.6) and (A.8), the derivative X satisfies

A X)+ X\ AL, + BAXg + XgATBT
+ B2 Xk (K R A+ ATRK) X = 0,

where A := Ag 4+ 872X Sk. The solution is given by

X} = / M (BAX ) + X ATBT
0 (A.10)
FB2X g (KT RooA + ATROOK)XK) Ak ds,

Now using (A.9), we can expand the cost as

Junis (K 4 tA) = 0(t) + Jnix (K)
+ttr (KTRoA + ATRyK) X + (Q2 + KTRoK) X()

Hence, the directional derivative is

AT mix(K +tA)

- =tr((KTRyA+ATRyK) X )

t=0
+tr((Qe+ K TRy K) XY).

Substituting X|) from (A.10) gives the second trace term as
tr (2Xx (P B+ BTk Xk KT Rs)A)

where I' i solves the Lyapunov equation fl};l" k+T K[l K+
Q2+ KTRyK = 0. Finally, using the identity

A mix (K 4+ tA)

= mix K TA ’
= 60(VTmin(K)TA)

t=0

we identify the gradient formula in (17).

B Proofs in Section 4
B.1  Proof of Corollary 3

Proof: The proof is similar to that of Corollary 2. We
prove both directions of the equivalence.

=. Suppose K € Kz is a global minimizer of (10).
Then, its policy gradient given by (18) must vanish, i.e.,
Vi (K) = 2(RK + BT Pg)Ag = 0, where P > 0 is the
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unique stabilizing solution to the Riccati equation (11b)
A Pi + PxAg + B°PkWPk +Q+ K'RK =0,

and Ak is the unique solution to the Lyapunov equation
(18b) associated with K. Since W > 0, the Lyapunov equa-
tion implies Ax > 0, and thus we have K = —R~'BT P.
Now letting P := Pk, we immediately obtain (22a). Sub-
stituting this into the Riccati equation (11b) gives

(A-BR'B"P)"P+ P(A— BR™'B"P)
+872PWP+Q+ PBR'B"P =0,

which is identical to (22b). Finally, since P is the stabilizing
solution to (11b), the matrix A+ 2WP = A+(B872W —
BR™'BT)P is Hurwitz.

<. Now suppose K = —R~'BTP, where P > 0 is the
unique stabilizing solution to the Riccati equation (22b)
such that A+ (872W — BR™!BT)P is Hurwitz. First, sub-
stituting K = —R~!BTP into the following Riccati equa-
tion (which matches the form of (11b))

AP+ PAg + B3 2PWP+Q+K'RK =0,

we recover exactly (22b). This confirms that P satisfies the
Riccati equation (11b) associated with K. Next, we verify
that P is the stabilizing solution to (11b). Observe that

A +B2WP=A+ (B>W - BR™'BT)P.

By assumption, this matrix is Hurwitz, which confirms that
P is astabilizing solution to (11b). Therefore, it follows from
Lemma 1 that K € Kg. Finally, we recognize from the gra-
dient formula (18) that VJpix(K) = 2(RK+BTP)Ag = 0,
so K is a stationary point. We then conclude by Theorem 3
that K is globally optimal for (10). O

B.2  Proof of Theorem. 4

Proof: Our proof is based on the implicit function the-
orem (Theorem 9). Let € := $~!. From optimality condi-
tions similar to (20) (without assuming that R, = a?Ry),
we define the following vectorized function
Fr(K,X,Te€)
Fx (Ka Xa F7 E)
FF(K7 X7 F? 6)

F(K,X,T,e) =

vec (RoK 4+ B'T + R K XT)
vec (AKX + XAI( +e2XSpX + W)
vec (A};F +TAx + Qs+ KTR2K>

where Ax = Ag + €2X Sk is Hurwitz. This equation char-
acterizes the minimizer of Jyix. Since g = 0 gives the LQR
case, we know that there exists some (Xo, g, Kj) satisfying

F(Xo,To, Ko,€0) =0

and Ak, := A+ BKj is guaranteed to be stable. Then, it
is not very difficult to compute the Jacobian Jk x ) F of



F at (K07X0, Fo, 0)

IT®Ry [0 (I®BT)]
[Hl 0 ] :

0 H,
where H;, and H, are the following invertible matrices

J k. x,0)F (Ko, Xo0,I'0,0) = *

0

H =1® Ak, + Ak, ® 1,
Hy=1® Aj, + Ak, ® I

From the Schur complement, since

H' 0o | |+
0 Hy' |0

is invertible, so is J(x x.r)F (Ko, Xo,T0,0). Therefore, the
desired result follows from Theorem 9. In particular, there
exists a neighborhood U C R of ¢y = 0 and a real analytic

mapping ¢ : U — R™+27% guch that

F(¢(e),€) =0,

and Ak is Hurwitz. Note that the stability of Ak is guaran-
teed for any sufficiently small € > 0. Therefore, a solution
to (20) exists for any sufficiently small ¢ € U, i.e., for any
sufficiently large 8 > (sup.c; €)™ !. O

1& Ry~ [0 (I9B")| — @R,

Ve € U,

C Proofs in Section 5
C.1  Proof of Lemma 7

Proof: =-. We first prove this simpler direction. Suppose
K € cl(Kg) and Jnix(K) < 7. Let X := Xg > 0 be the
minimal solution to (8). It follows that

tr(QoX) + tr(Ry KT Ry K)

Jmix(K) S -

<. We first show that Ag is stable. This follows from the
assumption W > 0 and the existence of X > 0 satisfying

AgX + XAl + B 2XSgX +W <0.

Then, applying the non-strict bounded real lemma [37,
Lemma 3.2 (2)] leads to || Too(K)||n., < 5, implying that
K € cl(Kg). We next verify v > jmiX(K). Let Xk denote
the minimal solution to (8). We observe

7> tr(Q2X) + tr(Re KX KT)
> tr(QoXg) + tr(Ro K Xk KT)

jmix(K)7

where the first inequality is by assumption, and the second
utilizes the minimal solution property X = Xg. O

C.2  Proof of Theorem 6

The proof includes two parts:

e The mapping ® given by (25¢) is a C? (and in fact
C*°) diffeomorphism from Ljg to Feyx. This is proved
in Appendix C.2.1.

o The inclusion epis (Jmix) € Tr (L) = clepis (Jmix)
given in (26) holds. This is proved in Appendix C.2.2.
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C.2.1 Proof of the Diffeomorphism from Lig t0 Feyx
We first provide some auxiliary notations. Denote

Ly ={(K,7,X)|KeR™", yeR, X =0},
Fou={(1,XY)|y€ER, X =0, Y eR™"}.

CVX

Evidently, £ and F2,,

subsets of some Euclidean spaces, and

can be identified with certain open
FO _is convex. Also,

CVX

7 > tr(QaX) +tr(RoKXKT)

Lir=1 (K,~, X)eL0 Lo
1 {( 7, X) € Lin AKX+XA}+W+52XSKX<0}’ (C1)

7> tr(QaX) + tr(RyY X 1Y),

]:cvx:{(’)/vX7Y)e]:gvx F <0
cvx 2

}. (C.2)

We can now extend the domain of ® in (25¢) so that it is
now defined on the larger set L%
(K, v, X) = (7,X,KX),

(K, 7, X) € L. (C.3)

Our subsequent proof consists of showing the following:
(1) @ is a C? diffeomorphism from LY, to F.
(2) For any (K,~v,X)€ LY, we have (K, v, X) € Ly if and
only if ®(K,~, X) € Fevx.

Part I. Consider ® in (C.3) and define the mapping

e F

Uy, X,Y) =YX 9X), V(1,XY)eF,. (C4
It is immediate to verify that ®(LY,) C Fo,, and ¥(F2,) C
ngt. We are now allowed to form the compositions ® o W :
L — LYy and Wo & : FO — F2 .. It is also straight-
forward to see that these two compositions are the identity

functions on their domains.
Summarizing the previous results, we can conclude that
® is a bijection from L}, to F2,, and U is its inverse. Finally,

® and ¥ are in fact both C'* functions since each element
of ® or ¥ is a rational function.

Part II. Consider the mapping ® in (C.3). We will show
that (K,v,X) € Ly if and only if (K, vy, X) € Feyx. Let
(K,v,X) € Ly be arbitrary, and let Y = KX so that
O(K,v,X) = (v, X,Y). By the definition of Ly in (C.1),
(K,~, X) satisfies the following inequalities:

X =0, v>tr(QeX) + tr(ReKXKT),

A X + XAk + W 4 72X S X <0. (C.5)
Since X >~ 0, we can express K = Y X ~!. By Schur comple-
ment and using Y = K X, the Riccati inequality in (C.5) is
equivalent to Feyx < 0. Comparing the obtained properties
of (v, X,Y") with the definition of Feyx in (C.2), we confirm
that (v, X,Y) € Fevx. By reversing the derivation above, it
is not difficult to prove the other direction.

C.2.2  Proof of (26)

We first show the inclusion epis (Jmix) € 7 (Lis),
which follows immediately from Corollary 4 and the fact

that epis (Jmix) € epis (Jmix). Next, the set identity

TrKfY(‘let) =cl epiZ(Jmix)- (06)



will be established through the following lemma.
Lemma 11 Under Assumptions 1 and 2, we have

epiZ(JmiX) =cl epiZ(Jmix).

Proof: C. Let (K,v) € epiz(jmix)7 ie., K € cl(Kg) and
jlnix(K) e tI‘((QQ + KTRQK)XK) < ~. We claim that
there exists a sequence in epis (Jmix) converging to (K, 7).
Since K € cl(Kp), there exists a sequence {K,} C Kg
such that K, — K. Since Jyx is continuous on cl(Kp),
we have jmix(Kn) — jmiX(K). Pick v, = v+ % Then
(Kn,vn) € epis(Jmix) and (Kp,vn) — (K, 7). Therefore,
(Kv 7) € cl epizi(‘]mix)'

2. Let (K, ) € clepis (Jmix), i-e., there exists a sequence
(Knsvn) € epis(Jmix) such that (K, v,) — (K,v). We
have K, € Kg, Jmix(K,) < v, and K,, — K € cl(Kp).

By the continuity of Jyix on cl(Kg), taking limits on both
sides of Jmix(Kn) < v, vields Jnix(K) < 5. Therefore,

(K7 ’Y) € epiz(jrnix)~ O

Combining Lemma 11 and Corollary 4 yields (C.6).
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